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SOME EXAMPLES IN DEGREE OF APPROXIMATION
BY RATIONAL FUNCTIONS(?)

BY
D. AHARONOV AND J. L. WALSH

Abstract. We exhibit examples of (1) series that converge more rapidly than any
geometric series where the function represented has a natural boundary, (2) the
convergence of a series with maximum geometric degree of convergence yet having
limit points of poles of the series everywhere dense on a circumference in the comple-
ment of E, (3) a Padé table for an entire function whose diagonal has poles every-
where dense in the plane and (4) a corresponding example for the table of rational
functions of best approximation of prescribed type.

Specific examples are frequently of service in a developing theory, both to
suggest new propositions and as counterexamples to refute possible conjectures.
In the present paper we present some examples of this nature concerning degree
of approximation by rational functions.

To be more explicit, we study (§1) examples of series that converge more rapidly
than any geometric series where the function represented has a natural boundary,
in §2 the convergence of a series with maximum geometric degree of convergence
yet having limit points of poles everywhere dense on a circumference in the comple-
ment of E. In §3 we give an illustration of rational functions of degree »n in the
Padé table for an entire function where the diagonal has poles everywhere dense
in the plane, and in §4 a corresponding example for the diagonal sequence in the
analogous table of rational functions of best approximation.

1. Rapidly converging series. An infinite series

M J@) ~ m@)+u(2)+ -

of rational functions of respective degrees n, is said to converge to f(z) like a
geometric series on a set E provided on that set for the sum S,(z) of the first n
terms of the second member of (1) we have

?) lim sup [max | f(z) — Sn(2)|, z on EJ!* < 1.
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The series (1) is said to converge on E more rapidly than any (nontrivial) geometric
series if we have

3) lim [max | f(z)—S.(2)|, z on E]*™ = 0.

If u,(2) is a rational function of degree n, if (2) is satisfied, and if there is no limit
point of poles of the u,(z) on the closed region E, then the series (1) has important
properties relative to convergence, notably that the series (1) overconverges,
namely converges to f(z) uniformly in a larger region containing E in its interior.
If under these same conditions (3) is satisfied, then [3] the series (1) converges,
uniformly on compact sets in any region E; containing E and containing no limit
points of the poles of the u,(z). Moreover (3) is satisfied if E is replaced by any
closed subregion of E;. If the function f(z) is meromorphic at every finite point
of the plane, and if the closed region E is bounded, it is known [3] that there exists
a sequence of rational functions of respective degrees n whose poles lie in the
poles of f(z) and which satisfies (3). This raises the question as to whether (3)
always implies that f(z) has no natural boundary, a question which we proceed to
answer here in the negative, by counterexamples.

THEOREM 1. Let E be the closed unit disk |z| £ 1, and the points «;, «s, . .. chosen
in the disk E': |z| <3 so that «, lies on the circle |z| =5/2, the next two o, are equally
spaced on |z|=8/3, the next three o, are equally spaced on |z|=11/4, and so on for
the circles |z| =3—1/N. We choose A,=1/[n". Then the function

@ @ =32

exists throughout E’', is meromorphic there, is analytic on E and satisfies

(5) lim [max
n-— o

1/n
, Z OR E] = 0.

We note the relations

< < 1 < 1 1
6 A, = — < = < Am
© k=zn+1 " k=Z+1kk T xS () n(m+ 1)
o 1l/n
©) lim (2 Ak) =0.
n2® \n+1

If z, is a point in E’ not an «,, we have for all n |zy—«,| 228 (>0), where &
depends on z,, and for z in the neighborhood |z—z,| < 8 we have |z—«,| > 8. Thus
the series in (4) is dominated by the series > A,/8, and by the Weierstrass M-test
the series (4) converges uniformly in that neighborhood, so f(z) is analytic in the
neighborhood, in particular is analytic on E. The same proof shows that if «,
is arbitrary in E’, then f(z)—A4,/(z—«,) is analytic in a neighborhood of «,, so
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f(z) is meromorphic in E’. For z on E we have for every n the inequality |z —a,| > 1,
whence

_ X A,
S Z z— ock PP St
this last series is dominated by the first member of (6), and (7) implies (5). The
rational function in (5) is of degree n, so (5) is of form (3). The analog of (5) holds
for degree of approximation to f(z) on E by the rational functions of degrees n of
best approximation.
The function f(z) clearly has the circle |z| =3 as a natural boundary.
A somewhat similar function but no longer with poles in E’ is presented in

THEOREM 2. Let E be the closed unit disk, E' the disk |z| <3, and the points
oy, g, . . . chosen all distinct but everywhere dense on the circle |z| =3 (e.g. «,=3e™).
We choose A,=1/[n". Then the function

nan
®) f@) = Z e
exists throughout E': |z| <3, is analytic there, and satisfies (where arg z=arg «,,
|z <3)
© lim [£@)] = oo.

Consequently, each «, is a singularity of f(z) and the circle |z|=3 is a natural
boundary for f(2).

It follows from the Weierstrass M-test that the series in (8), being dominated
by the series > 4,/(3—r) on the disk |z| £r < 3, is analytic on that disk and through-
out E’. We note too by (6) the inequality

(10) f A = A’ < Ay

k=N+1

Since the o, are distinct, the function

ka

SN—I(Z) Z 3(2 Zk)

is continuous at the point z=«y and takes there some (finite) value 4. Moreover,
for 0<|z| <3, arg z=arg «y, we have

|z—ay| < |z—ax| for k > N asz—> oy,

whence

AN“N > Aoy
z) = Sy_i(z + + .
f(@) = Sy_,(2) k=§+13(z_%)
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The first term in the second member approaches A4, the second term is real and
negative, of absolute value Ay/|z—ay|, and the third term is by (10) not greater in
absolute value than

i Ay A Ay

= <
kS 12— |z—an] |z—ay]

Consequently we have (arg z=arg ay)

1) lim Z[f(z)] = —oo,

s0 (9) is established, and oy is a singularity of f(z). Thus the circle |z| =3 is a natural

boundary for f(z) in E’. We note incidentally that the proof of (11) is valid too for

z —> ay, |z| >3, so the circle |z| =3 is also a natural boundary for f(z) in |z| > 3.
The function f(z) in Theorem 2 is of significance for overconvergence, for we

have for z on E

Ao

3(z—ay)

and by (7) we have (5). Of course (5) is of form (3). The analog of (5) holds for
approximation to f(z) on E by the rational functions of degrees n of best
approximation.

A rational function R,,(z) of the form

_ ™+ a;z" "1+ - ta,
Runl2) = boz"+byz" 1+ - - +b,’ 216l #0,

<§:i;—k9

n+1

S-S = S

n+l

is said to be of type (m, n). If the function f(z) is continuous on a closed bounded
set E, with no isolated points, for each type (m, n) there exists a function of that
type of best approximation to f(z) on F; these functions can then be arranged [2]
in a table, analogous to that of Padé,

-ROO’ R1o, Rzo, ]
ROI’ -Rll’ R213 RS ]

(12)
-R029 R12’ R22’ RS ]

.............

Various sequences from this table have been studied [1], [2], [3]. The functions
R,.(2) of the diagonal are precisely the rational functions of respective degrees n
of best approximation to f(z) on E.

Perron has pointed out [4, p. 466] that there exists a function f(z) such that the
second row of the Padé table consists of rational functions whose poles are every-
where dense in the circle of convergence of f(z). We prove now an analogous
theorem concerning rational function of degree n of best approximation to f(z),
the diagonal in the analog (12) of the Padé table.
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2. Comparison series.

THEOREM 3. Let f(2) be a function regular in a closed bounded region E and let
{R.(2)} be the functions of degree n of best approximation to f(z) on E. Also assume

(13) lim sup | /()= Ru(2)| """ = 4.

(The norm is any of the ordinary norms.) Then a comparison series T,(z) may be
found such that
(i) lim sup,.o |f(2)—Tu(2)| =4,
(ii) the T,(2) are rational functions of degree n,
(iii) the set of poles of {T,(2)} form a dense subset in the complement C(E).

Proof. Let {1/e{"},_; 2. be a dense subset of C(E) such that the 1/«{" are
different from the poles of the {R(2)}n-1,2,...-

Let A be so small that for z € E we have

Agz)
11—z

1/(n+1)

lim =

We define T, 1(z)=R,(2) + A$/(1 — «{¥z), whence we have
1/~ Russ@F* S |f=Tua@|+D
= | f— Ru(2)— AP [(1 — &Pz) || 1n + D
S /= Ral M 04 [ API(1 - P2

But
lim sup || f— Ry oM™ +D = 4, lim sup || f— R,[*®+Y = 4,
n-—+ n— o
. AP e+
nlilz 1 -—af,"’z -
So we have
(14) lil’ll‘l-'sal’lp If=Tos 1@V = 4,

and the theorem follows.
We may replace the hypothesis (13) by

lim sup | f(z) — R.(2)|| ¥/

IA
A

and deduce the conclusion

lim sup | f(z) - T(2)| "

IA

A.

The rational functions R,(z) of best approximation are not necessarily unique,
but we do not assert that the T,(z) are best approximating. The degree of conver-
gence used in (13) and (14) does not distinguish between the two sequences, but
presumably a more refined measure of degree of convergence would do so.
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In the study of equation (3), one might conjecture that (3) is possible only when
the poles of the S,(z) lie in the poles of f(z), or at least approach the singularities
of f(z). Theorem 3 of §2 effectively shows that the conjecture is false.

3. Examples on Padé table.

LeMMA 1 [5, p. 377). Let f(2) be a function analytic in a circle containing the
origin with the expansion f(z)= Y-, axz*. Let R,,(z) be a rational function of type
(n, m) (i.e. a polynomial of order n divided by a polynomial of order m) with the
expansion R,,(2)=>72_, b.z* near the origin. Then if a,=b,, k=0,1,...,n+m,
R,.(2) is the Padé approximant of type (n, m) to the function f(z).

Proof. Denote R,,=P,/0,,

(15) f@)-5% - i "

If P,(2)/0n(z) is a Padé approximant to f(z), then by definition of the Padé
approximant and (15) we get

(16) fi)— g"((zz)) i d,z*.

From (15) and (16) there follows

Pz) Puz) _ <
(7 0.2 Ouz) Z

So we have from (17)

V.z*.
+1

(18) Po(2)On(2) —Pro(2) Onl2) =

k=

3
8
™M

Since on the left side of (18) we have a polynomial of degree n+m at most it follows
that ¥, =0, k=n+m+1,...,

(19) Po(2)|Qn(2) = Po(2)| On(2),

which shows that R, is the unique Padé approximant of type (n, m).
ExaMPLE 1. Let

4, S v o S k
1) = = z+ i —a1z+go hz® = ,Zo 12",

such that > , Az’ is an entire function, 0<|eo| <00, 0<|o;| <00. Let gmi(2)
=b/(1-B2)+>7:¢ Cz°=>7- o dpz*. In order that g,; should be the Padé
approximant of type (m, 1) of f(z) it is sufficient (by Lemma 1) that dy,=1,,
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k=0,1,2,...,m+1. So we have the set of equations

Ao+ Ay+ho = b+ C,,
A0a0+A1a1+h1 = bﬁ+C1,

(20) . .
Aoag._l'i‘Alain_l"‘hm_l = bﬁ""l-l-c,,,_l;

Agof+ Ayl +hy = b™,
Agog* + A1 ef by = BB

From the last two equations we get
(21D B = (Aood**+ A1l * 1 + hpy1)[(Aoo + A10T + hy).
We now consider two cases:
loo] > faal, oo = eza]-
Denote o; = 7. Then

ogtt Ao+ Ay by gy fogtt
ot Ao+ A1™™ + hpfof

B =
If |;| < || then |7| < 1. So B — &g as m — 0. If |;| =|eo| denote r=e'®. Then

Ao+(A17')‘r"'-I-h,,,+ 1/"‘6“'1
Ao+ Ay "+ hyof

B =

For ¢ =2/l where [/ is an integer we get for B the / limit points

AO + (Al,‘.)e2nikll

If ¢/2m is an irrational number we get the whole circle (straight line)

Ao+ (A4, 7w

o drap e M=b

as limit points of 8, as m — co.

ExampPLE 2. Our aim is now to construct an example of an entire function
H(z)=2y-0 h,z" such that the diagonal in the Padé table will diverge in a dense
subset of the plane. For convenience we consider the sequence R, _; ,(z) instead
of the sequence R,,(z). The difference is only an additional additive constant.

Let «5, 0<]|a,| <00, be arbitrary. Consider the function A,/(1 —eqz), where 4,
is a constant that will be fixed later.

In order that Ay/(1—«yz) will be Ry (z) of H(z)=>7., hy,z, it is sufficient
(Lemma 1) that

(22) Ao = ho, Aoao = hl‘
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We now fix 4, so that |h|, |h;| <1/1!. Next we consider the rational function

bo b, b,
I—Boz+ 1 —/31Z+ 1—B.z

where B,, 0< |Bo| <0, is arbitrary, B; =gB;, Ba=qPs, for 1>¢>0, and q will be
fixed later; B, # B, are arbitrary (but f,, B2 #0, ). We now look for the conditions
that this rational function will be Ry3(z) of H(z)=2:- h,z® (only the coefficients
hq, hy are determined for the time being). Again, by Lemma 1, we have the set of
equations:

bo +b1 + b2 =h0,
boBo+b1B1+bsB2 = hy,
(23) boB3+b:B3 +byp3 = ha,

boBs+b1B3 +bops = hs.

First b, is determined so that

(24) |boBh| < 1/2-5!,  j=2,3,4,5.
We next denote
25 ho—bo = Aoy  h3—boBo = A;.
From (23) and (25) we get
(26) bi+by = Aoy,  byiBi+bgBs = Ay
Using the given conditions B, =gPf;, B2=qP, we have
A A
@7 A1 Igzq / I B lgzq - og: ﬂi/q
We have a similar formula for b,, so
(28) |by|, |be] < M[q, M depends only on A,, Ay, By, B

From (28) we get
|b1BL+baBh| = |b1ﬁ{q1+bzﬁjqj|

29) .
< 2AM ()¢ Max (Bl Bal),  J=2,3,4,5.
Denote
(30) L = Max Max (|8, [/, |B2").
25755
From (29) and (30) we get

(31) |b13{+b2ﬁé| < 2MqL’ J = 2’ 3, 4’ 5«
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If g is sufficiently small we have
32 |68+ b5 < 1/2-51,  j=2,3,4,5.
From (23), (24) and (32) we obtain
| < 1/5,,  j=2,3,4,5.

Up to now the coefficients Ay, &y, . . ., hs have been determined; also we know that
Ry1, Ry3 of the Padé table each has one arbitrary pole. In order to continue the
procedure we have to construct Rg; (one arbitrary pole and six other poles because
we have six coefficients of H(z) already determined). So let >§_, C./(1—y,z) be a
rational function such that y,, 0<|y,|<oco, is arbitrary. y,=q,9, 1>¢;>0;
k=1,2,...,6; 9;#%,j#1,j,1=2. In order that this function should be Rg; of

H(z) the following set of equations has to be fulfilled:

C0+C1+“'+Ce =ho,

Covot -+ +Ceys = hy,

(33) Cova+ - +Ceyd = hs;
Covs+:--+Cey8 = he,

Coyd®+ - -+ +Coys® = hya.
Exactly as we have done before we now choose C, so small that
(34) |Covh| < 1/2-13!, j=46,...,13.

Again, we define A;; =h;— Coyd, j=0, ..., 5. From the first six equations in (33)
we have
Cit--+Cs =g,

Cyyi+ - +Csys = A3,
(35) T')’l e?‘)’e .11

Ciyi+ - +Cey8 = Xa1.
Using now the conditions y,=¢,7, we get (in the same way as we obtained (28)),
(6) ICil < Mifgs, k=1,2,...,6,

M, depends only on {A;;} U {y;}, 0=j=<5, 1 </=<6. Exactly in the same manner as
before we obtain

(37) |C1)’i++cs)’é| < 6j‘lllflqu .I= 69-'-,
where L, is defined by
(38) L, = Max Max (|7]%).

65/513 1sks6



436 D. AHARONOV AND J. L. WALSH [September

For g, sufficiently small we get from (37)

(39) |Ciyi+ Coyh+ Coyh+ - - - +Ceyt| < 1/2-13), j=6,...,13.
From (33), (34), and (39) we obtain
(40) |h;| < 1/13),  j=6,...,13.

In this way we continue to construct the subsequence of the diagonal of Padé
table. Each of the terms of this subsequence has one arbitrary pole. It is clear that
the H(z) constructed is majorized by the exponential function and so is an entire
function.

REMARK. By a slight change in the argument we could construct a subsequence
of the diagonal such that each member of this subsequence would have more
than one arbitrary pole. In fact the number of the arbitrary poles may increase
monotonically to co. This is, of course, not needed here for the construction of the
desired example.

4. Examples on table (12).

LEMMA 1. Suppose S,(2) is a rational function of order p having poles at 1/a;,
1=Zj2p, 1|o| > 1, Vo;# 1 ey if k#j, |1/e;—1/ay| Z2r>0 for 2= j<p. Then there
exists e=e&(ay, r, p) such that for any rational function R,(z) of order p satisfying

A, 4o+ 4y
l_alz l—apZ

td

@1 - sup |Ry(2)— Sy(2)| < elda],  S,y(2) =

R,(2) has at least one pole in the circle |z—1/ay| <2r.

Proof. Suppose the lemma is false. Then for a particular rational function S,(z)
and r> 0 there exist a sequence {e,}, such that ;2,2 - - -, ¢, — 0 and a sequence
of rational functions {R{(z)}7-, of order p such that

4.2) sup |R@) = Sy(2)| < enl A,
and all the poles of R{(z) for any n lie outside the disc |z—1/e;| < 2r.

Denote the poles of Ry(z) by 1/By., k=1,2,..., p. (It may occur that 1/8,,
=1/B,, for I#k.) Then by (4.2)

o (1 —ey2)- - (1 —0y2)(1 —B1a?) - (1 = Bpu?)
“43) sup 1R @) =S | 7 Gy G ap)z =i G —Fon)

But the function on the left side of (4.3) is regular on |z| 2 1; so [1, §9.4]

< €n|A1|.

n)( ) — |(z—°-‘1)' : '(z_ﬁpn)l
4.4 |§|ugp1 |R§(2) — Sp(2)] < en| 4] [(0—012) (1= Bpu2)|
Now there is no loss of generality in assuming that 2r<1/|e;|—1. So we have
() — [(z=81)- - -(z—Bpn)l
4.5) |z—sll;l£|=r |R§P(2) — Sp(2)| < en] Al [(1—a12)- - -(1—Bon2)]
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Let R=1/|e;|+r. If 1/|e;;] Z2R we have for |z—1/e;|=r
(4.6) 11—z < 2.

Indeed, for |z| £ R we have || £1/2R $0 |1 —e«;z| Z1/2. We have for |z—1/a;|=r,
Il/afl ng,
4.7 |(z—@)/(1=e;2)| = 2(R+1/2R).

A similar result is obtained for 1/|8,| Z2R.
Now assume that 1/|e;| <2R. Then

_ | &1 =2/e)
afz—1/ey)

But by our assumption |1/e;—1/e;|=2r. So on the circle |z—1/a;|=r we have
|z—1/ey| =1 for 2<j<p, and for |z—1/a;|=r; we get |1/o;| <2R,

1+2R?
|z—1/e,]’

z—q,

l—a,Z l

IIA
IIA

J=p

4.8) lz—a)/(1—oz2)| < 1+2R?fr, 1=2j<p.

By our assumption on R{"(z) we know that |1/B;,—1/e;| Z2r for 1Zj<p. So we
get a similar result for 1/|8,,| <2R. Combining (4.7) and (4.8) and the similar re-
sults for the 1/8; we get from (4.5)

4.9) lz-sffﬁ . |R§P(2) — Sp(2)| < en|A1|[2(R+1/2R)1?P[(1+2R%)[r ]?P.

Now, the function R{"(z) — S,(z) has only the pole 1/«; on the disc [z—1/e;| S 1.
So by integration of this function along the circle |z— 1/, | =r we have from (4.9)

(4.10)  |4y|/les| < & 41[[2(R+12R)PP[(1+2R?)[r J** = e, M(R, 1, p)| 44|

But now we let n — oo and then &, — 0 and we get the desired contradiction. (In
fact we get the contradiction for ¢, <1/M(R, r, p)|e;|. So ¢ in the theorem can be
taken as e=1/2M (R, r, p)|oy| = (s, 1, p).)

Lemma 1, so far as concerns the existence of e=e(«,, r, p) but not the specific
formula (4.10), can be proved qualitatively by the properties of sequences of
rational functions.

The existence of R™(z) satisfying (4.2) shows that the rational function R{"(z)
— S,(2) of degree 2p approaches zero uniformly on |z| <1, hence [1, §12.1] admits
a subsequence which approaches zero in the extended plane with the omission of
at most 2p points. Since S,(z) has a pole in 1/e, of fixed principal part independent
of n, every such subsequence has at least one pole (necessarily belonging to R{™(2))
which approaches 1/e;; we see this by integrating R(z)—S,(z) over a circle
|z—1/oy|=ry <.

LEMMA 2. Let 7>0, >0, r>0, and n+1 complex numbers C,, Cy, ..., C, be
given. Also let 0< |a;| < 1. Then there exists m>n and a rational function S,(z) of
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order p=n+2 with a pole at 1/«, and also at the points {1/o}}_ o, a;# o, for j#k,
|1/ey| > 1 such that for

A Ag A

_ 1 P = S e
@.11) $5@) = Toaz T e Y120z ,Zo”"z

we have
@) pe=Cy, k=0,1,...,n,
(®) |pnsal +|pnsal+ -+ <,
© |P’n+1|’ I/"n+2|’ CRE) ll‘ml <1/m!,
) If"m+1| + II"m+2] +-- <3lA1|/4,
(€) |1)ay—1]ey| 22r, 2<j<p.

Proof. Let {oj}, 2<j<p, be arbitrary complex nonvanishing numbers, «o;# o«
for j#k. Let 0<g<1.

The exact value of g will be determined later. Let «;=q¢; where 1/o; are the poles
of S,(z). We have by (a)

A1 +A2 +"'+A,, = Mo = Co,

4.12) Ay + Agog+ - - + Ay, = py = Gy,
A+ A+ Ayl = iy = Cp.
Also
A1“§+1+A2ag+1+ te +Azz°‘:+1 = Mn+1s
@4.13) Ayet*i+ -+ Ap05*? = pays

....................

First we choose m > n such that

4.14) log|" ¥4 oy [P 24 - = oy [P (1= oy ]) < €f8.
Now we determine A, #0 so that

4.15) |4 |ea|®*2 |4y |ea®*2 ...y |Aa] |ea]™ < 1/2-m!,

(4.16) [Ay] Jea|** 2+ A4y] ||+ 24+ < /2.

From (4.12) we get
A2 +"'+Ap = CO_AI = C(’b
(4.17) A2a2+ e +A,,ap = Cl_Alal = C{,

Axl+ -+ Agoi= Co— Aot = C,.
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But o;=qq; for oj# o] if j#1. So o;# ¢, for j#I Also p=n+2. So we get from (4.17)

1 - C) - 1
aa IRy CECENY ap
(221 C,’. a;

A =17 T T
aa LAY a j e e e ap
ap af ap
1 e G |
aéq e SN a;q

_1)q --- G e ()"q"

1 cee 1 1
a;q cee a;q e a;q
(@ -+ (@g" - ()q"

1 N o ST

a'z oo Ci/q v a;
ey - clge o @y

1 . 1 . 1 :

o A

(G N ) A Gk
So we get (note that 0<g<1)
(4°18) |A!| < M/qn, j = 29 39~"’p9

where M depends on (Cg, ..., C;) and (a3,..., ap) but not on g. Denote, now,
N=max,s;s, |«j|. Then from (4.18)

2
(4.19) D il lewl™ < (p—1)MN™+ig!,  j=1,2,....
k=2
We now restrict g to the interval (0, 1/N(1+2r|e;|)]. Then

’ |a1| .
= S Ng £ —— <j=Zp.
|alq| lail = q = 1 J 2’|°‘1| 2 =J=p
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So

T3 o |1 L]y 2] 1,
a; o oy o | |a1| |a1|
for 2<j=<p, and (e) is fulfilled.
We now restrict g to a smaller interval, if needed, so that
(p—1)MN"*1q . ( 1 79«
(4.20) 2 < min (55 % 5 |A1|)
From (4.19) we get, summing on j,
@ P ) — I)MNn+lq
4.21) Ay Jogrt7 < EZDMN"Tq
2. 2 1A I s
From (4.20) and (4.21) we clearly have
o p
> > A el < s
j=1 k=2 2
2 1
(4.22) Z o

k

[Ail o™t < 53— ji=L2,...,m—n,
2
|

>
i=1

(b) follows from (4.13), (4.16) and (4.22), (c) follows from (4.13), (4.15) and (4.22),
(d) follows from (4.13), (4.14) and (4.22), and the proof of Lemma 2 is complete.

Z Akl |aklm+1 < glAll'

k=2

LEMMA 3. Let {1]ey}yY be a sequence of points outside the unit disc, dense in
|z|Z1. Let ry2ry2 - - -r, — 0. Consider the sequence of discs {Uy: |z—1]ay| < 2ri}.
Suppose {r,}7 is an arbitrary sequence of points such that 7, € Uy, k=1,2,.... Then
{7}¥ form a dense subset of |z| = 1.

Proof. Let z, be any point in |z| 2 1. Since {l/e,} forms a dense subset of |z| =1
we can construct a subsequence {l/o;;};2; such that 1/ay,, — z,. Consider the
sequence {7};~ . Then |y, — 1/ayy,| £2r,, — 0as ] — 0. So |7y, —2o| —>0as/— o0
and the proof is complete.

ExAMPLE. (Compare example in §3.) We now construct an example of an entire
Sfunction such that the diagonal in the table (12) for the unit disc and the sup norm
diverges at a dense subset of |z| 2 1.

Let {1/e;,}? be a sequence of points outside the closed unit disc, dense in |z| > 1.
Letr;2ry2 - - - such that r, — 0. Our aim is first to construct a sequence of rational
functions {S,(z)};2, of orders {p,;};>, respectively. These rational functions will
have a simple pole at {1/«;,};2, respectively. Then an entire function is constructed
with the aid of these rational functions. The subsequence {R,(2)}i2, in table (12)
will have simple poles in the discs |z—1/ey| £2r, I=1, 2, ..., and so our assertion
will follow by Lemma 3. The construction of the {S,(z)};Z, makes use of Lemma 2,
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while for the proof that the poles of {R, (2)};%, lie near poles of {S,,(2)};>, we need
Lemma 1.

So our first aim is to construct the sequence {S,,(z)};2,. For this aim we need
also to construct sequences {m;};2,, {n}Zs {&}i2:. Also we will use the given
sequences {r;};2, and {l/e;;};2, for the construction of {S, (z)}iZ,.

We first define S, (z) and then successively the sequence {S,(z)}. Let p,=1;
Sp,(2)=A11[/(1 —0112)=32- o uiPzF; A1, will be fixed later. Now e, is chosen as

& =¢&(oy4, Iy, p1) Where e(ey;, 11, py) is the function appearing in Lemma 1; m; is
defined as a solution of the inequality

(4.23) loega|™ (1= |eeas]) < &1/4.
A1 #0 is now chosen small enough to give
(4.24) IA]_]_I I“u'k = ][.L(l)l < l/ml!, k = 0, 1, 2, Y ml.

(In fact, since |a11| <1 it is sufficient to take |4;,]| <1/m;!.) Let /= 2. Suppose now
that {S,, (2)}k=%, {mi}kh, {ex}i=1 have been defined. For reference we denote

4y Az Apy )k
(4.25) Sif2) = e Tt e = Z pPz .
We now use Lemma 2 for n,=m,_, (n, instead of n in Lemma 2), p,=n,,, (p;
instead of p in Lemma 2), «,, (instead of «,), r, (instead of r),
- : l+2-j
uli 1;}2111-1 | 415,12
(7, instead of 7), u® (instead of w,). The constants C,, Cy, ..., C, appearing in
Lemma 2 we take as the first n (i.e., n, or m,_, in our notation) coefficients of the
furiction S,,_,. Thus, C,=p{~?, k=0, 1,...,m,_,. The ¢ appearing in Lemma 2
will be taken as & =¢(ay, 7, p;) Where e(ey, r;, p;) is the function appearing in
Lemma 1.
After the new notation in Lemma 2 we use the result of Lemma 2 to get the
function S, (z) and the integer m, (m in Lemma 2) such that for
A 0
(4.25) S,(2) = A TR B

—oyz 1- OpaZ k=0

and for m; we have

(a) ,U.g) = [l,(,:—l), k = 01,..., m;_,,
Aqe
g © Pl < min Lo,
(C) ll"mz 1+1| |:u'$vlt);_1+2|9 ll-"(l)l < l/ml~’
@) |pRsal + Rl + - < (/D] A,
© [Voy—1ey| Z 2, 25jsp.
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In this way we have defined the sequences {S,(2)};%1, {m;};%,. Notice the special
definitions of S, (z), m,; the fact that n, was not defined, and that (4.26(c)) is
complementary to (4.24) (in (4.26) we have />2). Also, it is worth noting that
Sp,(z) agrees with the first m,_,+1 coefficients of S,, _,(z), the first m;_,+1 co-
efficients of .S,, _,(z) and so on (as follows from (4.26(a)) after substituting /—1,
1-2, instead of /).

We now are in a position to define our function f{(z). It will be convenient to set

(4.27) f(2) = Z) d 2",

We now simply demand
(4.28) d, = p, k=0,1,....m,1=1,2,....

We recall that because of (4.26(a)) the function is well defined. It follows from
(4.28) that, because of (4.26(c)) and (4.24), f(z) is an entire function. We have
(recall that the norm is the sup norm on |z| 1) | f(2)—S,,(2)| = | ZF=m,+1 diz*
— > my+1 w2 ; this is because of (4.28) for /=1. So

429) F@O=-Su@l = > 1+ S el

k=m;+1 k=my+1

From (4.23) and the definition of S,,(z) we have

o my+1 A |
4.30 W — 4 Jergq ™ < e1|411 .
( ) k=%+1 l"'k 11 1— Ialll 4

From (4.26(b)) we get, summing on / and taking j=1,

) ©
z Il"'s'll)l-1+k| < x—zz M

2 k=1
lell |All| (1 1 ) |31| |All|
< At -] —tet ) =

Ns

]

(4.31)

We now deduce from (4.28)
(4.32) dk=[l.(;?, m,_1+l ék§m1,1=2,3,....

From (4.31) and (4.32) we clearly have

< A
.33) > ) < lalldul,

k=my+1

From (4.29), (4.30) and (4.33) we get

(4.34) @) —-8,,@)| < |ea |2A11|_
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We now obtain a similar result for | f(z)—S,,(2)|, 2=/ The calculation is very
similar to the above calculation. Indeed, from (4.28) we have

0 0

(4.35) If@=S@I < 2 ldd+ > |uf].
k=mi+1 k=m;+1

From (4.26(d)) we have

(4.36) 2 el < 7 l4ul.

Now a similar formula to (4.31) has to be obtained. For this objective, we change
Ito t in (4.26(b)) and sum on ¢ from /+1 to oo, taking j=/ So we get

L 0 L A
(4.37) > S ol < > s Ll

(4.38) > lad < f‘l—“‘-ld, 1=23,....

So from (4.35), (4.36) and (4.38) we deduce
(4.39) /(@) —Sp 2| < &|4ul/2, 1=2,3,....

We now come to the last step, namely, showing that the functions of best approxi-
mation have poles ‘““near” {1/«;,}. Indeed, let {R,(2)}5-1 be the diagonal in the
table (12). Consider the subsequence {R,(z)}. Since these are functions of best
approximation we have from (4.34) and (4.39)

(4.40) /@)= Ry(2)| < &aldull2, 1=12,...
From (4.34), (4.39) and (4.40) we get
(4.41) 185(2) = Rp (D]l < &|ldul, 1=1,2,....

Recalling now (4.26(e)) and the way the {¢,};>, were chosen we deduce from Lemma
1 that S,,(z) has a pole (at least one) in the disc |z—1/ay| <2r.. So our assertion
follows now from Lemma 3.

ReMARrk. There are possibilities for generalization. By minor changes one gets a
similar generalization to that mentioned in the remark following the corresponding
example in §3. Also, one may consider other norms rather than the sup norms.
For this aim we may use the fact that for a regular function g(z) in |z| 2 1, the in-
tegral (3" |g(re*)| d6, p>0, is a monotonic decreasing function of r in the interval
1 =r=o0. This enables us to change Lemma 1 and to get the above example for the
L, norm.
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